For a map f : X → M into a manifold M , we study the sets of deficient and multiple points of f . In case of the set of deficient points, we estimate its dimension. For multiple points, we study its density in X, and we also provide examples where its complement is dense.
Introduction
P. T. Church and J. G. Timourian in [2] studied the deficient points of maps between manifolds. For a map f : M → N between manifolds of same dimension, a point y ∈ N is called deficient if the pre-image of y has less then A(f ) points, where A(f ) denotes the Hopf's absolute degree of f . Related to the notion of deficient point, there is the notion of multiple point of a map. A point x ∈ X is a multiple point of a map f : X → Y if f −1 (f (x)) = {x}, otherwise x is called a single point. The present work extends some results about deficient and multiple points in the literature, which we will describe in more detail.
By dimension of a space X we mean the covering dimension, which sometimes is called topological dimension (see [7] and [4] ). The following result was proved by P. T. Church and J. G. Timourian in [2] . Theorem 1.1 (Theorem 1.1, 2.7, 3.3 and 3.4 [2] ). Suppose M and N are oriented connected n-manifolds and f : M → N is a proper map with degree deg f = 0. Let E f be the set of points y ∈ N for which f −1 (y) is discrete and has less than | deg f | essential points.
(1) Then dim E f ≤ n − 1 and, moreover, E f contains no closed (in N ) subset of dimension n − 1. (2) If f is discrete (i.e., each f −1 (y) is discrete), then dim(E f ) ≤ n − 2.
In the same paper, the authors generalized this theorem to manifolds which are not necessarily orientable replacing | deg f | by Hopf's absolute degree A(f ) (c.f., 5.13 [2] ).
We extend the notion of absolute degree and essentially deficient points for maps f : X → M into manifolds, with X not necessarily a manifold. Then we prove a result, Theorem 2.11, which extends Theorem 1.1, where X no longer is assumed to be a manifold but it satisfies certain cohomological property.
In a study about multiple points of maps between manifolds, D. L. Gonçalves proved the following. The above theorem follows from properties of the Hopf's absolute degree found in the paper of Epstein [5] . Namely, item (a) follows from Hopf's theorem [ [5] , Theorem 4.1] and item (b) follows from [[5] , Lemma 2.1a and Theorem 3.1]. We prove Theorem 3.1 which generalizes the item (b) of the above theorem. In this theorem we consider maps from X into M for certain CW-complex X, which are not necessarily manifold. We also prove another result, Theorem 3.3, for a different family of CW-complex, under different hypotheses. A family of complexes which are not manifolds satisfying hypotheses of Theorem 3.3 is explicitly given.
S. Orevkov gave in [6] an example of a map f : S 2 → R 2 for which the set of single points (the complement of the set of multiple points) is dense in S 2 . We mimic his example to show that in many cases one can construct maps where the set of single points is large, namely it is dense. See Corollary 4.5 and Remark 4.6.
The present work contains 3 sections besides the introduction. In section 2, we estimate the dimension of the set of essentially deficient points. The main results of the section are Propositions 2.8, 2.10 and Theorem 2.12. Then, in section 3, we consider the study of multiple points, as well single points. In this case, the results deal with the existence of maps where the set of multiple points is dense. The main results are Theorem 3.1 and Theorem 3.3. Finally, in section 4, we show that in many cases one can construct maps where the set of single points is dense. The main results are Theorem 4.2 and Corollary 4.5.
Deficient points
In this section, we assume X a connected, locally path-connected, locally compact n-dimensional paracompact Hausdorff space, M an nmanifold without boundary and f : X → M a proper map. By G we denote the orientation system (over Z) on M and by G f the local system on X induced by G and f . We considerCech cohomology groups with local coefficients and with compact carriers.
Local degree, essential points
Suppose that x ∈ X is an isolated point of the set f −1 (f (x)), i.e.,
where i and i ′ are the inclusions, f |V is the restriction of f and H n (j) is the excision isomorphism. Note that the composition (H n (j))
we call the local twisted degree element of f at x. We say that x is an essential point of f if d x f is non-zero. The set of essential points of f is denoted by X f .
The following two lemmas are consequences of the excision and the Mayer-Vietoris sequence.
Lemma 2.1 (cf., Lemma 2.3 [2] ). Suppose for some y ∈ M , f −1 (y) is discrete (so finite since f is proper). Then
Lemma 2.2. Let B be an n-ball in M with y ∈ int B, and V a component of f −1 (int B) such that f −1 (y)∩V = {x}. Then, for any z ∈ int B with f −1 (z) ∩ V finite we have
Proof. Let us consider the following diagram:
o o
where H n (i V )) and H n (i B ) are the homomorphisms induced by the inclusions, H n (j V ) is the excision isomorphism and H n (f |V ) is the homeomorphism induced by the restriction f |V of f . One can show that
The assertion of the lemma is a consequence of the above equality.
(b) the local system G p induced by G and p is an orientation system on M , (c) the local system induced by G p and f coincides with the local system G f , and
Essentially deficient points
We say that a point y ∈ M is essentially k-deficient if f −1 (y) is discrete and has fewer than k essential points. The set of all such points we denote by E k,f , i.e.,
Remark 2.4. Let T be an open subset in M and suppose that f −1 (y) is discrete for some y ∈ T . Then there exists an n-ball B ⊂ T with y ∈ int B such that each component of f −1 (int B) contains at most one point of f −1 (y). In this case, the component of
The following lemma is a modification of Lemma 2.6 [2] and its proof follows similar arguments.
Lemma 2.5. Let T be open in M , and let A ⊂ E k,f ∩ T be nonempty. Then there exists y ∈ A such that, with the B ⊂ T and {V x } x∈f −1 (y) as in Remark 2.4, we have:
and for each
by f is a homeomorphism, and
Proof. For each y ∈ A, f −1 (y) is finite and has m(y) essential points, where m(y) < k. Choose y such that m(y) is maximal. Let B ⊂ T and {V x } x∈f −1 (y) be as given by 2.4. Then, by Lemma 2.2, for each
has at least one essential point. Thus, by the maximality property of y, we obtain (a) if x ∈ f −1 (y) ∩ X f and z ∈ A ∩ int B then f −1 (z) ∩ V x has exactly one essential point, and
Observe that (b) implies (1). (2) is continuous and by (a), bijective . Now, we show that its inverse g x is continuous. Take z ∈ A ∩ int B and an arbitrary open neighborhood
It follows that g x is continuous, which proves (2) .
By (2) there is a retraction of
Corollary 2.6. Suppose that dim E k,f = n and let T be an open nonempty subset of M contained in E k,f . Then there exists y ∈ T such that, with the B ⊂ T and {V x } x∈f −1 (y) as in Remark 2.4, we have:
Proof. Take an arbitrary y ∈ M \ E k,f . Since f is discrete, there is an n-ball B in M with y ∈ int B and such that each component of
is open, which proves the lemma.
Twisted degree
From now, we additionally assume that H n (X; G f ) is either an infinite cyclic group or a cyclic group of order 2.
Let g X be a fixed generator of H n (X; G f ). Then the twisted degree of f is the integer deg f such that
where in case H n (X; G f ) is the cyclic group of order 2, we let deg f be 0 or 1.
For x ∈ X, let k x be the index of the image of H n (i) in the group
Then, by k f we denote the maximum of k x over all x ∈ X.
We also assume that p : M → M is a covering with a finite number j of sheets and that f : X → M is a lifting of f .
and each f −1 ( y i ) is finite as f −1 (y) is finite.
By Lemma 2.1, for each i ∈ {1, . . . , j} we have
Thus, by ( * ) and Remark 2.
2.4 Dimensional properties of the set E k,f Definition 2.1. We say that a point of a space X is n-Euclidean if it has a neighborhood in X homeomorphic to R n . By E n (X) we denote the set of all n-Euclidean points of X. Note that E n (X) is an open subset of X.
Let k f be positive and let
Let T be an open subset of M with S ∩ T = ∅, and let A = S ∩ T . By Lemma 2.5, there exists y ∈ A such that, with the B ⊂ T and {V x } x∈f −1 (y) as in 2.4, for each x ∈ f −1 (y) ∩ X f the conditions (1), (2) and (3) in 2.5 are satisfied.
Since f −1 (A) ⊂ E n (X), we may choose the n-ball B (with y ∈ int B) so small that f −1 (B) ⊂ E n (X), and moreover, that each V x (a component of f −1 (int B)) is a connected oriented n-manifold. Thus each f x : V x → int B, being the restriction of f , is a proper map between oriented connected n-manifolds.
By Lemma 2.8, there exists
is a union of a countable number of closed subsets (
Absolute degree and the main theorem
Let p : M → M be the covering such that there is a lifting of f : X → M to f : X → M and that there is no covering of M with this property. Note that the homomorphism f * :
The absolute degree A(f ) of f is the integer | deg f | · j if j is finite and it is 0 if j is infinite. If X is a closed n-dimensional manifold this notion coincides with the Hopf's absolute degree, see [8] (16.5) and (17.7).
A point y ∈ M is called essentially deficient with respect to f if f −1 (y) is discrete and |f
As in Lemma 2.8 and in Proposition 2.9, we assume k f positive. The set of all essentially deficient points (with respect to f ) is denoted by E f , i.e.,
Observe that if k f > 0 then E f = E k,f , where k is the smallest integer greater than or equal to A(f )/k f .
By Proposition 2.9, Proposition 2.10 and Corollary 2.11 we obtain Theorem 2.12 (cf., Propostion 5.13 [2] ). Suppose that A(f ) = 0 and k f > 0. Then
(2) E f does not contain a closed (in M ) subset F of dimension n − 1 and disjoint with f (X \ E n (X)), and
Example. Let X be the space obtained by attaching to S
Hence, in this example, dim E f = 1. This shows that the assumption in Theorem 2.12 (2), that F is disjoint with f (X \ E n (X)), is essential.
Multiple points of maps on a complex
Recall that a point x ∈ X is a multiple point of a function f : X → Y if f −1 (f (x)) = {x}. We provide two results. The first result is in subsection 3.1, for maps f : X → M where X and M satisfies the hypotheses of the previous section. In subsection 3.2, we will consider maps f : X → M for X a more general space.
Multiple points
We say that X is locally non-trivial with respect to a local system H over X, if the homomorphism H n (i) : H n (X, X \ {x}; H) → H n (X; H) induced by the inclusion is nontrivial for each x ∈ X.
Let f : X → M , G and G f be as in Section 2.
Theorem 3.1. Suppose that X is locally non-trivial with respect to G f and that the set of multiple points of f is not dense in X. Then
Proof. Since M(f ), the set of multiple points of f , is not dense in X there exists an open subset V of X of single points. Let x ∈ V . Then, there exists a neighborhood U of f (x) such that f : f −1 (U ) → U is a homeomorphism.
It follows that f * : H n (M, M \ {f (x)}; G) → H n (X, X \ {x}; G f ) is an isomorphism. From the assumption that X is locally non-trivial, we have that H n (i) : H n (X, X \ {x}; G f ) → H n (X; G f ) is non-trivial. Thus, by the commutativity of the diagram
be the covering such that there is a lifting of f : X → M to f : X → M and that there is no covering of M with this property.
Since
By Lemma 2.1, | deg f | = |d x f |. Thus, by (i) and (ii), we obtain 0 < A(f ) ≤ k f . Remark 3.2. Note that the above theorem generalizes Theorem 2.1 b) of [6] because, in case of X a manifold, k f = 1.
Case of more general complexes
In this subsection, by H we denote theCech cohomology functor with integer coefficients. Definition 3.1. A space X has dimension ≥ n at a point x ∈ X if each neighborhood of x (in X) has dimension ≥ n. If, in addition, some neighborhood of x has dimension n then we say that X has dimension n at x. Theorem 3.3. Let X be a compact metric space with dimension n at each point. Then the following conditions are equivalent: a) There is a map f : X → M from X into a n-manifold such that the induced homomorphism H n (f ) : H n (M ) → H n (X) is null and the set of multiple points M(f ) is not dense in X;
Motivated by the above theorem, we define the following:
Theorem 3.3 is a consequence of the following two lemmas.
Proof. Consider the following commutative diagram:
where all homomorphisms are induced by inclusions. Note that the upper horizontal and the right arrows are isomorphisms. Since, by the assumption, the left arrow is also an isomorphism, it follows that the lower horizontal arrow is also an isomorphism. It follows that the coboundary homomorphism
Thus, by the Hopf's extension theorem [see [4] , p. 94, (H)], there is a retraction X \int D n → ∂D n , which completes the proof.
Lemma 3.5. Let X be a compact metric space of dimension ≥ n at each point, and let f : X → M be a map into an n-manifold M such that H n (f ) : H n (M ) → H n (X) is null and the set of multiple points M(f ) is not dense in X. Then there is an n-disc D n ⊂ E n (X) such that the homomorphism induced by the inclusion H n (i) :
there is an open set U ⊂ X such that f maps homeomorphically U onto f (U ) and f −1 (f (U )) = U . Since the dimension of X at each point is ≥ n, dim U ≥ n. Consequently, f (U ) is an n-dimensional subset of M . By [[4] , Theorem 1.8.10, p. 76], the interior of f (U ) in M is non-empty, so f (U ) contains an n-disc B n . We set D n := f −1 (B n ). Then D n ⊂ E n (X). We consider the following commutative diagram:
where X D := X \ int D n , the rows are parts of Mayer-Vietoris exact sequences, and the vertical homomorphisms are induced by the maps defined by f .
Proof of Theorem 3.3: From Lemma 3.4 we obtain that (b) implies (a). From Lemma 3.5, (a) implies (b).
Remark 3.1. Let X be an n-dimensional compact metric space, C a component of E n (X) and
is an isomorphism. Thus in the condition (b) in Theorem 3.3 and in the Definition 3.2, H n (i) can be replaced by H n (i C ).
Proof. Since dim X ≤ n, both H n (i) and H n (i C ) are epimorphisms. Thus we need to show that H n (i) :
The later equivalence is a consequence of the fact that
is an epimorphism and that
Corollary 3.6. Let X be an n-tight compact metric space with dimension n at each point and M an n-manifold. Then for every map
is null the set of multiple points M(f ) is dense in X. In particular, if X is a closed n-manifold and H n (f ) :
is null then the set of multiple points M(f ) is dense in X.
Remark 3.2. In [6] it was proved that, given a map f : M → N , where M, N are manifolds of same dimension with M closed, if the absolute degree of f is different from 1 then the set of multiple points of any map g ∈ [f ] is dense. Note that a closed manifold does not satisfy the condition (b) in Theorem 3.3. Therefore, does not satisfy the condition (a). So using Theorem 3.3, we conclude that for every
Construction of complexes that are not n-tight
Here, we will analyze when a complex K is not n-tight, i.e. when a complex K satisfies the item (b) of theorem 3.
and the attaching map f i :
for the n-cell e i is given by the k-tuple of integers (n
is an isomorphism for some n-disc D ⊂ E n (K). Note that it is the same than to determine if
is an isomorphism for some n-cell e i . Let us focus on the n-cell e m : Note that ). Moreover, the homomorphism
is given by the projection
The above homomorphism is always onto and we want to characterize when it is also injective.
Proposition 3.7. For the complex K defined above, the homomorphism H n (K) → H n (K\ 
Corollary 3.8. The complex K defined above is not n-tight if there is i ∈ {1, . . . , m} such that the equation
has integer solution.
4 Example of maps with the set of single points dense
In [6] , it is constructed a map g : D 2 → R 2 such that the set of single points is dense in D 2 and g is constant on the boundary of D 2 . Then, from g it is obtained an example of a map f : S 2 → R 2 with the set of single points dense in S 2 . We noticed that the techniques used by S. Orevkov in his construction works to construct such maps g :
for n ≥ 2 and, therefore, to construct maps f : S n → R 2 , n ≥ 2, with dense set of single points. In case of Orevkov's example, a crucial step is the existence of a map ϕ : D 2 → A, where A = {z ∈ R 2 | a ≤ |z| ≤ b} is a 2-dimensional annulus (0 < a < b), such that ϕ(D 2 ) = A and ϕ mapping the interior of D 2 homeomorphically onto a dense open subset of A.
Below, we prove the equivalent of the above assertion for the ndimensional unitary disc D n and an n-dimensional annulus.
Lemma 4.1. Let D n be the n-dimensional disc and A n = S n−1 × I the n-annulus. There is a map ϕ :
and ϕ maps the interior of D n homeomorphically onto an open dense subset of A n .
Proof. Let's identify the disc D n with D n−1 × I, and let p : D n−1 → S n−1 be the map that collapses the boundary of D n−1 into a point. Then, the map ϕ : D n−1 × I → S n−1 × I given by ϕ(x, t) = (p(x), t) satisfy the conditions of the lemma.
The same type of example given by S. Orevkov holds for maps from S n into R 2 for n ≥ 2.
There is a map g :
• T is a fractal tree;
• g(S n−1 ) = {0}; and
• The set of single points of g is dense in D n .
Corollary 4.3.
There is a map f : S n → T ⊂ R 2 such that the set of single points of f is dense in S n .
Proof. The map f : S n → R 2 is obtained from the map g of the previous Theorem by collapsing the boundary of D into a point since g is constant on the boundary ∂D.
More generally:
Corollary 4.4. Let M n be an n-dimensional connected manifold, n ≥ 2. There is a map f : M n → T ⊂ R 2 such that the set of single points of f is dense in M n .
Proof. From [3] , M = P n ∪ C, where P n is homeomorphic to the Euclidean n-space, E n , and C is a closed subset of M n of dimension at most n − 1, and P ∩ C = ∅. Let h : P → D n − S n−1 be a homeomorphism and g : D n → T ⊂ R 2 a map such that the set of single points of g is dense in D n and g(x) = 0 for all x ∈ S n−1 . Now, define
It is natural to ask: For which pairs of spaces (X, R m ), where X is a finite CW-complex of dimension n and R m is the m-dimensional Euclidean space, there exists a map f : X → R m such that the set of single points of f is dense in X? The examples above together with few elementary remarks show that we have a complete answer of the above question.
Remark 4.6.
1. If X is a graph, i.e., a CW-complex where dim(X) = 1, it is easy to see that such map f : X → R exist if and only if X is homeomorphic to the segment. This follows from the observation that the graph which is the letter Y does not admit such map.
2. If X is a graph, certainly there exist a such map X → R 2 . Take as image of X a bouquet of circle.
3. In the case m ≥ 2, it suffices to construct such examples if m = 2.
Then the answer is yes, and is obtained using the CW structure of X, Corollary 4.5 and item 2 above as follows: Write X as the union (not disjoint union) of subcomplex where all the maximal cell have the same dimension, then for each such subcomplex apply either Corollary 4.5 or item 2 above depending if the dimension of the subcomplex is ≥ 2 or 1, respectively. . We state that none point of B(0, δ)\{0} is a single point of f . Let z 0 ∈ B(0, δ), z 0 = 0. Then, 0 < |f (z 0 )| < d/2. Note that f (z 0 ) must be positive because the image of the annulus {z ∈ D 2 | |z 0 | ≤ |z| ≤ 1} is a connected compact subset of R \ {0}. Now, take any radius in D 2 that does not contain the point z 0 . The image of such radius is an interval with initial point 0 and end point a number bigger then d. Hence, the image of some point belonging to this radius coincides with f (z 0 ). Therefore, z 0 is not a single point of f . 5. Similarly, there is no map f : D n → R for which the set of single points is dense in D n , n ≥ 2.
Remark 4.7. In [1] , it was shown that for m, n ≥ 3 there is a monotone surjection f : S m → S n such that the set of single points of f is dense in S m , where a map is called monotone provided each pointinverse is compact and connected. Moreover, it was shown that for 3 ≤ n ≤ m ≤ 2n − 3, each element of π m (S n ) can be represented as a monotone surjection f : S m → S n with dense set of single points. Another natural question to ask is: For which pairs of spaces (X, M ) where X is a finite CW-complex of dimension n and M is a m-dimensional manifold, there exists a surjective map f : X → M such that the set of single points of f is dense in X?
